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Abstract 

It is known that self-duality equations for multi-instantons on a line in four di- 
mensions are equivalent to minimal surface equations in three dimensional Minkowski 
space. We extend this equivalence beyond the equations of motion and show that 
topological number, instanton moduli space and anti-self-dual solutions have repre- 
sentations in terms of minimal surfaces. The issue of topological charge is quite subtle 
because the surfaces that appear are non-compact. This minimal surface/instanton 
correspondence allows us to define a metric on the configuration space of the gauge 
fields. We obtain the minimal surface representation of an instanton with arbitrary 
charge. The trivial vacuum and the BPST instanton as minimal surfaces are worked 
out in detail. BPS monopoles and the geodesies are also discussed. 
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1 Introduction 



Over twenty years ago Comtet showed that the equations for the cylindrically symmetric 
multi-instantons of Yang-Mills theory given by Witten correspond to minimal surface 
equations. He proved this equivalence at the level of the equations of motion. I extend 
his analysis and show that multi instantons are represented by minimal surfaces in every 
aspects, including the topological charge, the moduli and the anti-self-dual solutions. In 
particular the issue of the topological charge of instantons in terms of topological properties 
of the minimal surfaces is quite subtle because the minimal surfaces that appear are non- 
compact and have infinite total curvature. So there is no well-defined notion of Euler 
number for these surfaces. We will show that a finite (renormalized) topological invariant, 
which will correspond to the topological charge of the instanton, can be defined for these 
surfaces. Through this construction there is also a natural way of defining a metric in the 
configuration space of the gauge fields. 

Minimal surfaces also show up in the self-dual solutions of Einstein's equations in 
four dimensions. Nutku || f|] demonstrated that Gibbons-Hawking [|| multi gravitational 
instantons can be obtained from minimal surfaces in three dimensions. The correspondence 
follows by showing that the equations for the Ricci-flat Kahler metrics with (anti) self-dual 
curvature are exactly minimal surface equations in three dimensions. So the conclusion is 
that for every minimal surface there is a gravitational instanton. 

Immediate physical relevance of the minimal surface and instanton equivalence is 
not clear. But one is tempted to speculate that this correspondence is reminiscent of 
string/gauge fields duality along the lines of || [7], ||. According to Polyakov gauge invariant 
objects, presumably Wilson loops, are expected to have string theory representations. In 
this paper we will show that certain multi-instantons (objects which have gauge invariant 
properties) are represented by minimal surfaces which would mean a Euclidean version 
of gauge fields/strings duality. We will not pursue this interpretation any further in this 
paper but leave it to future work. 

The outline of the paper is as follows. In section 2 we give a review of the cylindrically 
symmetric multi instanton solution in four dimensions. In section 3 we describe minimal 
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surfaces in three dimensional Minkowski space and show that the equations describing the 
minimal surfaces are equivalent to the self-duality equations of the four dimensional gauge 
fields. In section 3 we also define a metric on the configuration space of the gauge fields 
by using the metric in the minimal surface. In section 4 we find the minimal surfaces that 
correspond to the trivial vacuum solution and the BPST instanton and anti-instanton so- 
lutions. In section 5 by using dimensional reduction we describe charge one BPS monopole 
in terms of geodesies in the minimal surfaces. Section 6 consists of conclusions and discus- 
sions. 

2 Multi-instantons 

In this section we will give a brief review of Witten's results. Multi-instantons on a line 
in M 4 are finite action solutions of the self-dual Yang-Mills fields which can be represented 
in the following form, 

A*(x) = - [t a kj x k (1 + <p 2 ) + 5 a m + {rA x + ^i)x a Xj] 

A a (x) = A x a (1) 

where all (pi, Aj are functions of the three dimensional radius r G [0, oo] and the Euclidean 
time t G [— oo, oo]. We will work exclusively with the gauge group SU{2) so a = (1, 2, 3). 
x a are unit vectors. Setting the coupling constant to unity, the Euclidean Yang-Mills action 
reduces to the Abelian-Higgs model in a curved space. 

Sym = 7 / d A xF^ u F^ u 

= Svr ^d 2 x^^g^D^D uVi + 1 -g^ g ^ Ffia F aP + ^(1 - } (2) 

Where F^ v = d^A u — d u A^ and D^ifi = d^(fi + eijA^ipj. U is the upper-half plane with 
the Poincare metric g^ v = r 2 5^, yielding ds 2 = r~ 2 (dr 2 + dt 2 ). The (Gaussian) scalar 

Clearly for these cylindrically symmetric fields Yang-Mills theory in M 4 is equivalent to a non-conformal 
theory in AdS2 x S 2 , where, AdS2 has infinite and 5 12 has a unit radius and the conformal structure is 
fixed by choosing the Poincare metric on AdS2 ■ 



3 



curvature is Ky = — 1. From the self-duality (anti self-duality), F" = ±.F" condition 
equations of motion read as 

Do^i = ±Di<p 2 D 1 (p 1 = TD (p 2 r 2 F 01 = ±(1 -<pl~ <pf) (3) 

The sign on the top refers the self-dual and the lower one to anti-self-dual solutions. There 
is clearly a U(l) symmetry in this reduced theory For later use let us write down how this 
symmetry acts on the fields. 

(fx = (fx cos 9 + ip 2 sin 9, tp 2 = —(fx sin 9 + (p 2 cos 9, A^ — A^ — 0^9 (4) 

9 is a function of r and t. We can pick up the Lorentz gauge d fl A IJi = which can be solved 
by A^ = e^ v d v ip. Then defining <px = ^X\ an d ^2 = ^Xi the first two equations in (BJ) 
reduce to the Cauchy-Riemann equations for the analytic function, f{z) = Xi ~ %• 

doXi = dxX2 dxXi = d X2 (5) 

Where z = r + it. The last equation in (j^) becomes the Liouville equation in the curved 
space 

r 2 AtP = l/l - 1 (6) 
The most general solution to this equation is given by 

k 2 dg 

h(z) = -i Yl (Oj +^) 2 , (fx - i<p 2 = h—e^ (7) 

Where |g| 2 = 9 g. For non-singular we have |g| = 1 at r = 0, |g| < 1 for r > and 
dj are constants for which Re(a,i) > 0. = 1 solution corresponds to the vacuum and 
k = 2 corresponds to the BPST instanton. The locations of the zeros of dg/dz are gauge 
invariant and real part of a zero of this function corresponds to the instanton size and the 
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imaginary part corresponds to the point on the t axis where the instanton is located. A 
careful counting shows that 2 of the parameters in ([/]) are gauge artifacts and there are 
2(k — 1) parameters for a generic solution with k — 1 topological number. 
The topological charge of the theory is 

Q = d 4 xF^ = ±^J d 2 xe, u F, u (8) 

The four dimensional topological charge reduces to the magnetic flux in the Abelian-Higgs 
model. The magnetic flux is equal to the number of zeros of dg / dz multiplied by 2n giving 
Q = k-1 

For later use I will write down the topological charge in the following form 

Q = ±— dt dr-il-rf-cpl) (9) 

Z7r J-oo J0 r 

In the next section I will describe minimal surfaces in R 2 ' 1 and show that they carry 
all the properties of the multi-instantons that we described above. 

3 Minimal Surfaces 

Before we give a detailed description of minimal surfaces let us mention that even a cursory 
look at the self-duality equations suggests that some kind of special surfaces will arise in 
the configuration space of this theory. We start with four functions, Ao,Ai,ipx,ip2, of r 
and t. The choice of gauge eliminates one of the functions, i.e. A = —Ai, and we end up 
with three which describe a generic surface. Comtet jj]] showed that self-duality equations 
(0) make this surface a minimal surface. 

Let us recall that a surface in M 3 is a differentiable map / from a domain E into 
1R 3 . Such a surface, in the non-parametric form z = f(x, y), will be minimal if it satisfies 

L, (1 + ./;) - 2f x J,,!,.,, ■ f yy (1 + ./;) = 0, (10) 

where f x denotes partial differentiation. This equation describes the surfaces with vanishing 
mean curvature and it can be obtained by minimizing the area of the surface. 

A= f y/l + f* + f*dxdy (11) 
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A general conformal immersion solution to the minimal surface equation is given by the 
Weierstrass representation. | 



f = Ren{l-g 2 ,i{l + g 2 ),2g) V \ :£ 



(12) 



Where g is a holomorphic function and rj is a holomorphic 1-form. 

For our purposes non-parametric description, which would mean eliminating r and 
t from the gauge fields, is not suitable. Moreover not all the minimal surfaces can be 
represented in the non-parametric form. So we will use an other description which will 
make the instanton- minimal surface correspondence more transparent. As it is clear from 
the previous section the minimal surfaces that will appear are smooth sub-domains of the 
upper-half-plane ,U, with the Poincare metric of constant negative curvature. Due to a 
theorem of Hilbert 1TT| we can not embed [/ in I 3 . So we will consider the Minkowski 



space Mr> as the embedding space. 

Using the notations of [|12| let us consider a surface E in M 2,1 . Define orthonormal 



frames, (e^), on the surface. Here \i = (1,2,3). They satisfy ■ e v = g^ u . Where 

g^y = diag(l, 1, — 1). And we take (e^) to be orthogonal to the surface. We expect our 
surface to be smooth (at least twice differentiable) so we can use isothermal coordinates 
(u, v) for which the line element on the surface takes the form 

ds 2 = A 2 (w,t>) (du 2 + dv 2 ) (13) 

There are two 1-forms on the surface which we define as 

Ox = \(u, v )du, a2 = \(u,v)dv (14) 

A point, x, which is restricted to move on the surface satisfies 

dx = a^, (15) 



3 There is a nice spinor representation of minimal surfaces which may turn out to be quite useful for 
physics jlO|]. The spinor bundle S over S is a two dimensional vector bundle which is S = A © A^ 1,0 -*. 
So one defines the spinor £ = (g, rj). The minimal surface equation is given by the Dirac equation for this 
spinor, D (£) = 
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where summation is implied for % = (1, 2). We need to write down how the frame moves. 
Let us define 

de^ = u flv e a g ,/a , (16) 

where uo^ v are antisymmetric one forms. Using these structure equations one can derive 
the integrability conditions (or Gauss-Codazzi equations). 

dio^ - u) m A ujp u g a(3 = do^ - A a a g ua = (17) 

For the surface we have 3 = 0. These formulae define a general surface which is not 
necessarily minimal. Gaussian and the mean curvature of this surface are defined in the 
following way 

K{u, v) = --^ A log A, ^ ua u Pl A o- s g^g V7 g aS = H(u, v)a x A a 2 (18) 

Here o~\ A 2 is the area of the surface. For the minimal surfaces H(u, v) = 0. So eventually 
we have the following sets of equations for the minimal surface 

do~i = Cj A cr 2 , do 2 = —Cj A oi, duj\ = Co A uj 2 

du 2 = —Cj A c^i, dCo = iO\ A uj 2 0i A uj\ + ct 2 A uj 2 = 

o"! A cj 2 - o"2 A U)\ = (19) 

We have defined lo\ 2 = Cj , uj\ 3 = —uji and lj 23 = —uj 2 . These one-forms can be expressed 
as linear combinations of 01 and 2 . Looking at the above equations and using ([14]) one 
obtains 

oj\ = p(u, v) du + q(u, v) dv 
uj 2 = q(u, v) du — p(u, v) dv 

Cj = a(u, v) du + b(u, v) dv (20) 

Finally we have the following differential equations which describe the minimal sur- 
faces 

p — q' = ap + bq a — b' = p 2 + q 2 q + p' = aq — bp (21) 
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In addition to these there are two more equations which will give us the conformal factor 
in the metric. 

A = -aA A' = bX (22) 

where p — ^ and p' — etc... The claim is that these equations are equivalent to the 
self-duality equations (|3|) this can be proved by making the following identifications f] 



u = r, v = t, b = A Q 

r 

P=— , q = ~ a =~ A i ( 23 ) 

Anti-self-dual solutions can be obtained by 

b=- + A Q a = A, q = ^ t p=^ (24) 

With these identifications, recasting Comtet's 0] argument, we have shown that the 
minimal surface equations are exactly equivalent to multi-instanton equations Q). We 
also need to find a topological invariant in the minimal surface which should correspond 
to the topological charge of the instanton. The Gaussian curvature of the surface can be 
calculated to give 

K^t) = -^- 2 { V \ + V l). (25) 
A naive topological invariant for the minimal surface would be the total curvature, 

/POO POO 1 

dAK(r,t)= / dt / dr-itf + cpl) (26) 
J-00 Jo r 

which clearly diverges. We will resolve this issue in the next section. 

Minimal surface equations enjoy the U(l) symmetry (|j) in the following way 

p = p cos 6 + q sin 9, q — —p sin 9 + q cos 9, 

a = a + 9' b = b + 9 (27) 



4 Equivalently one can choose the following identification; v — r, u — t, q — p — a = Ao — - 
and b — A\. 
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The gauge invariance of the equations involving A can also be shown by first noting that, 

A(r, t) = exp{- f adt + j bdr} (28) 

J to Jro 

We know how a and b transform from (0). So we find that A transforms as 

rt rr 

A(r,t) = A(r,t)exp{- / 6'dt+l 6dr} (29) 

J to Jro 

Using this one can show that (P2|) are gauge invariant if the gauge parameter 9 is a harmonic 
function. 

We have shown that self-duality equations are in one to one correspondence with the 
equations that define a minimal surface. We have two more equations (|22| ) on the minimal 
surface which will give us the metric on the surface. We will interpret this metric as a 
metric on the configuration space of the gauge fields. Using the equations (|23|) and the 
solution (|7|) one obtains the conformal factor and the metric for the self-dual solutions as 

\(r,t) =re-^ t) = (1 - \g\ 2 )\h\, ds 2 = (1 - \g\ 2 ) 2 \h\ 2 (dr 2 + dt 2 ) (30) 

This is the metric on a minimal surface ( and configuration space of gauge fields) that 
corresponds to a charge k — 1 instanton. All the details of the minimal surfaces can be 
read off directly from the solutions of the self-duality equations. Of course the other way 
around is also possible by solving the minimal surface equations. For the anti-self-dual 
solutions we have 

^)=^> = _^_, ^= (1 _J )W + (31) 
In A(r, t) I have suppressed an overall constant factor. 

4 BPST as a minimal surface 

We start with the trivial vacuum solution, k = 1, which is both self-dual and anti-self-dual. 
The general solution (|7]) yields (p2 = —1 and (pi — Aq — A\ — 0. The metric on the field 
space (the minimal surface) and the Gaussian curvature are, 

dSvacuum = r ~\~ dt ) Kvacuum = (32) 
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This is the Robert son- Walker metric. There is a singularity at the origin and the horizon 
is at infinity. From gauge theory side we know that the instanton number of the trivial 
vacuum is zero. As a minimal surface we need to look at the total Gaussian curvature 
which turns out to be infinite. This is not a big surprise as we saw in the previous section. 
Our minimal surfaces are embedded in the upper-half plane with the Poincare metric, for 
which Kjj = — 1. The total curvature of the [/-plane is infinite simply because it is non- 
compact and has an infinite area. The lesson we learn from the vacuum solution is that we 
need to renormalize the total curvature of the minimal surface in order to get the correct 
topological charge of the gauge theory solutions. Let us write down a general formula 
which will be true for all instanton solutions. f\ 

Q = _L f / K v dA + \ K^dA) (33) 



2?r 

Using the Gaussian curvature K^, (251) of the minimal surface and Kjj = — 1 of the Poincare 



plane one gets the topological number for the instanton (|9|). This is a perfectly a well- 
defined finite number which, as we stated before, is equal to ±(k — 1) 

Now we will find the minimal surface corresponding to the BPST |15|] instanton. 
Choosing k = 2 one has 

7 / \ ■/ * . \2 / * , \2 / \ (ai — z) (a 2 — z) , 
h{z) = -i{ ai +z) (a 2 +z) g{z) = — — (34) 

(a x +z) (a 2 + z) 

There are four arbitrary parameters but a check of the zero of dg(z)/dz shows that two of 
these parameters are redundant. The physical parameters are 

t _ Im(ai a 2 ) ^ _ + Re[aia 2 (ai + a 2 )] , 35 ^ 

Re(ai + a 2 ) ' Re(ai + a 2 ) ' 

where to is the location of the instanton on the time axis and the po is the size of it. The 
metric for the self-dual solutions follows as 

ds 2 BPST = r 2 [r 2 + (t - t f + p 2 ] 2 (dr 2 + dt 2 ) (36) 



5 This renormalization/regularization is rather standard in gravity and it was first outlined by Gibbons 
and Hawking |i~3[| in the context of four dimensional gravity. See also [[l4| . The reader might wonder why 
the boundary contributions to the topological charges are not being considered. The reason is that the 
boundary term would be an integral of the trace of the second fundamental form of the surface, which is 
the the mean curvature which vanishes for the minimal surfaces by definition. 
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It is crucial that we get the r 2 factor in front. It is the factor that cancels the infinity in 
the topological charge of the minimal surface ( instanton ) as we have seen in the vacuum 
case. This is again a Robertson- Walker type metric. Given the metric above one readily 
calculates the curvature of the minimal surface that corresponds to the BPST instanton. 
The curvature has a singularity at the origin. To obtain the topological charge we use 
(j33|). The second factor in ( |36|) gives a 2n contribution to the total curvature and we 
obtain Q = 1. For the sake of completeness let us denote that 

ij(r,t) = -\og^[r 2 + (t-t Q ) 2 + p 2 ] (37) 

The rest of the functions (for the gauge-fields or the minimal surfaces ) can be found 
trivially. Anti-BPST solution with topological charge —1, follows similarly. 

dSanti-BPST = p + (£ _ t ) 2 + p 2 } 2 ^ + ^ ' ^ 

5 BPS Monopole and Geodesies 

It is quite instructive to apply the results of the previous sections to the BPS monopoles. 
In pure Yang-Mills theory BPS monopoles can appear in a number of different ways. For 
example Rossi |16|] showed that infinite number of instantons ( k — > oo ) with the same 



instanton size and regular separation (periodic instantons) on a line appear as a BPS 
monopole in the limit of vanishing separation. A more direct (at the end equivalent) way 
is to consider all the fields to be independent of "time' t. [] So self-duality equations become 

A <p 2 = d r ip 2 - A X (pt, d r ipi + A^2 = A <fi, -r 2 d r A = 1 - ipl - ip\ (39) 



The solution given by |18] is 



1 r 
A = - -coth(r), ^ 2 = ——- A 1 = ^ 1 =0 (40) 

r sinh(r) 

In fact one obtains a one-dimensional moduli of solutions corresponding to the value of 
Ao(oo), which I have assumed to be —1 here. 



6 We can only get a charge one monopole through this construction. Hitchin [[17| gave an implicit 
construction of multi-monopoles from geodesies. 
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After dimensional reduction the minimal surface equations become 



q' = -bq, b' = -{p 2 + q 2 ), p' = -bp, A' = b\ 



(41) 



The solution follows as 



1 



b = coth(r) 



A = sinh(r) 



(42) 



a = p = 



Q = 



sinh(r) ' 



This is a geodesic in the minimal surface. The curvature of this geodesic is 



Along the lines of the discussion of topological charge from the previous section we need to 
renormalize the total curvature of this geodesic to get the correct topological number for 
the BPS monopole. The geodesies in the upper half plane are given by semi-circles and the 
vertical lines that are orthogonal to the t-axis. In the limit of vanishing t only the vertical 
geodesic at the origin survive, ds 2 = r~ 2 dr 2 . Its curvature is —1. So we need to subtract 
the total curvature of this vertical geodesic from the BPS geodesic. It follows that [] 



6 Conclusion 

Extending the analysis of Comtet |IJ we have shown that cylindrically symmetric multi- 
instantons are equivalent to minimal surfaces in three dimensional Minkowski space. At 
the level of the equations of motion this equivalence follows rather directly. The issue of 
topological charges was subtle and we showed that the "Euler number" of the minimal sur- 
face requires a renormalization to get the correct topological number for the corresponding 
instanton. One can also interpret this renormalization as adding an Einstein-Hilbert action 
(Euler number) to the Abelian-Higgs model action that was discussed in the first section. 
Gravity in two dimensions is non-dynamical and we know that for our particular model we 

have AdS2 with the Poincare metric. 

7 To take care of the trivial factor of 2ir in front of (|2^ ) one can think that we compactify the t-direction 
on a circle of unit radius 




(44) 
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These instantons with topological charge n have 2n dimensional moduli spaces. The 
corresponding minimal surfaces have 2n moduli as it can be seen from the most general 
explicit solution of the minimal surface equations. The dimension of the moduli space don't 
have a simple expression in terms of the genus of the surface since our surfaces are not 
closed. Anti-self dual solutions are related to the self-dual solutions in a rather non-trivial 
way as can be seen from equations (^) and fl3~T|). 

Through our construction there is a natural metric defined on the configuration space 
of the gauge fields which is the metric on the minimal surface. We have given two explicit 
examples of these. The first one is the trivial vacuum solution and the the other one is 
the BPST instanton. We worked out the details of the minimal surfaces that correspond 
to these solutions. 

Charge one BPS monopole/geodesics equivalence is a natural byproduct of our con- 
struction after dimensional reduction. In this case one again needs to renormalize the total 
curvature of the BPS geodesic to get the correct topological charge for the BPS monopole. 

Gibbons-Hawking gravitational multi-instantons can also derived be from minimal 
surfaces as it was shown by Nutku @. The issue of the topological charge and the moduli 
in this correspondence needs to be studied in detail. 

A possible further direction of research would be to understand how this correspon- 
dence fits in the picture of gauge fields and string/duality. Self-dual gauge fields is perhaps 
a simple system of gauge fields where one can establish with some rigor an equivalence 
between field theory and string theory. We leave these discussion for future work. 
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